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Abstract—In this paper, we present a novel method to drive
a nonlinear system to a desired state, with limited a priori
knowledge of its dynamic model: local dynamics at a single point
and the bounds on the rate of change of these dynamics. This
method synthesizes control actions by utilizing locally learned
dynamics along a trajectory, based on data available up to that
moment, and known proxy dynamics, which can generate an
underapproximation of the unknown system’s true reachable set.
An important benefit to the contributions of this paper is the lack
of knowledge needed to execute the presented control method.
We establish sufficient conditions to ensure that a controlled tra-
jectory reaches a small neighborhood of any provably reachable
state within a short time horizon, with precision dependent on
the tunable parameters of these conditions.

Index Terms—Control Synthesis; Model-Free Nonlinear Sys-
tems; Online Learning; Guaranteed Reachability.

I. INTRODUCTION

Systems across domains operate with limited information,
such as uncertainties arising from an insufficient understanding
of system transitions and external forces.

In this paper, we consider a partially unknown nonlinear sys-
tem, where only local dynamics at a single point and bounds
on their rates of change are known. Based on this restricted
information, we aim to implement the following pipeline.
First, we identify a set of states, known as the Guaranteed
Reachable Set (GRS), that the unknown system can provably
reach within a given timeframe from the point of known
information, using underapproximation proxy dynamics [1],
[2]. Then, we specify a state on the boundary of the GRS and
synthesize a controller, enabling the partially unknown system
to approach the vicinity of this state. Although the works in
[1], [2] provide a systematic method for estimating the GRS
based on set-valued mapping analysis, they lack the capability
to conversely identify a control signal that maneuvers the true
system to reach a specified region within the GRS. Therefore,
we concentrate on addressing the question of how to design
control for the reachability task mentioned above.

Motivated by scenarios where an adverse event can cause
significant changes to the system dynamics, there exists a
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substantial body of work in the realm of control for sys-
tems with uncertainties in the dynamic model. Data-driven
and neural network control methods [3]–[6] can be utilized
for applications that include computing steady-state transfer
functions in real-time or synthesizing controllers for nonlinear
systems with dynamic modeling uncertainties. Other methods
involve learning a Gaussian process model [7], [8] for black-
box identification of nonlinear systems. Methods outside of
identification [9]–[15] and machine learning methods [16],
[17] utilize control tools like control barrier functions [18]
and more classical adaptive control methods [19]–[21], but
are limited to handling less significant uncertainties. While all
of these methods have their merits, they all require the use
of significantly more information, such as an existing model
with uncertainties or system data.

In contrast, the proposed online controller synthesis method
relies solely on discrete-time, up-to-date historical data from a
single trajectory run and a derived underapproximation proxy
control system based on presumed model information [1], [2].
It is worth noting that the work [22] is capable of learning
dynamics and potentially achieving the specified control tasks,
such as reachability and safety, using the same data. However,
a ‘goodness function’—encoding side information about the
system, such as physical laws—must be carefully designed to
ensure that the controlled trajectory moves in a nearly optimal
direction. The key difference highlighted in this paper is that
we can utilize the knowledge of the GRS and the proxy system
that generates it for control design. This framework relaxes the
requirement for potential side information from the unknown
system and provides a reachability guarantee.

The paper is organized as follows. Section II reviews the
preliminaries, consistent with [1], [2]. Section III establishes
key properties of the underapproximated proxy control system,
including the construction of a reference path to a provably
reachable target state. Section IV proves that the proposed
framework enables the true system to track this reference
path and converge to the target. An implementation algorithm
is then presented, followed by a case study in Section V
demonstrating the method’s effectiveness.

Notation: We denote the Euclidean space by Rd for d > 1.
We denote R the set of real numbers, and R≥0 the set of
nonnegative real numbers. The closed ball of radius r centered
at x ∈ Rd is denoted by Bd(x; r) := {y ∈ Rd : |y − x| ≤ r},
where | · | is the Euclidean norm. For a given set A ⊆ Rd,
Int(A) denotes its interior, and ∂A denotes its boundary. For
a closed set A ⊆ Rd and x ∈ Rd, we denote the distance
from x to A by |x|A = infy∈A |x− y|. For a matrix M , ∥M∥
denotes its Euclidean norm, M† denotes the Moore-Penrose
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pseudoinverse, Im(M) denotes the image. For matrices M and
N , we say M ∈ Imm(N) if all columns of M lie in Im(N).

II. PRELIMINARIES

Let the admissible set of inputs be U = Bm(0; 1), which
is a common setting in reachability analysis [23], [24]. We
consider the following unknown dynamical system defined by

ẋ(t) = f(x(t)) +G(x(t))u(t), x(0) = x0, (1)

where for all t ≥ 0, x(t) ∈ Rd; u : R≥0 → U . The mappings
f : Rd → Rd, and G : Rd → Rd×m are Lipschitz continuous
with Lipschitz constants Lf , LG ≥ 0. We introduce L0 :=
max {Lf , LG} for future references.

For any initial condition x0 ∈ Rd, we denote by ϕu(·, x0) :
[0,∞) → Rd the controlled flow map (solution) under u, and
by Φ(x0;U) the set of solutions. We simply use ϕu(·) if we
do not emphasize the initial condition. For any T ≥ 0, the set
of states reached by solutions starting from x0 at time T is
defined as RT (x0) := {ϕu(T ) : ϕu(·) ∈ Φ(x0;U)}, and we
also define the reachable set as R≤T (x0) := ∪t∈[0,T ]Rt(x0).

For the reachability analysis and control synthesis, we
propose the following hypotheses that are consistent with those
presented in [2, Section II.A]: (H1) f and G are of the form
f(x) = Bh(x) and G(x) = BH(x) where B ∈ Rd×m is a
constant matrix, h : Rd → Rm, and H : Rd → Rm×m such
that H(x0) is invertible; (H2) Lf and LG are known, as well
as values f(x0) and G(x0) such that G(x0) ̸= 0. We also
assume knowledge of Im(B) and Imm(B). However, we do
not need to know the value of B exactly.

For convenience, we denote by Dcon the set of all pairs f
and G consistent with H1 and H2 for the same Lf and LG.
We also denote C := ∥G(x0)∥∥G(x0)

†∥.
Remark 2.1: The settings are motivated by situations where

damage to a system can alter its dynamics, with these changes
captured by system (1). In practice, an online approximation
of f(x0) and G(x0) can be achieved with sufficient accuracy
[22], [25]. However, for clearer illustration, we assume that the
information at x0 is perfectly known, allowing us to further
explore the system’s remaining capabilities.

Additionally, the recent work in [26] extends [1], [2] to
Riemann manifolds, with applications for underactuated sys-
tems. This paper presents a control synthesis technique based
on (H1) and (H2), with plans to generalize it based on more
relaxed conditions for f and G given insights from [26]. ⋄

III. Underapproximated Proxy Control System and Its
Reachable Paths

With limited knowledge about the system dynamics, we
attempt to construct a control signal to reach a small neighbor-
hood of a specified point on the boundary of the GRS, which
is contained within the true reachable set. In this section, we
revisit the underapproximated proxy control system for GRS
evaluation [2], which can be viewed as supplementary infor-
mation for the above reachability control problem. Particularly,
we highlight the connections to the actual system (1). Then,
we investigate properties related to the reachable paths and
their corresponding control signals for the proxy system.

A. The Proxy System

The underapproximated proxy control system is obtained
through a connection to (1) as shown in [2, Theorem 1]. We
rephrase the statement as follows.

Theorem 3.1: Let U , Lf , and LG be given. Then, there
exists a u ∈ U satisfying

kû = f(x)− f(x0) +G(x)u (2)

for all x ∈ B := {x : |x| ≤ ∥G(x0)
†∥−1/(Lf + LG)},

any û ∈ Bd(0; 1) ∩ Im(G(x0)), and any k such that |k| ≤
∥G(x0)

†∥−1 − (Lf + LG)|x|. ⋄
Consequently, by [2, Theorem 3], the GRS of (1) can be

calculated based on a proxy equation of the form

˙̂x(t) = a+ (b− c|x̂(t)|)û(t), x̂(0) = x0, (3)

on the domain B, where a = f(x0), b := ∥G(x0)
†∥−1, c :=

Lf +LG, and û : [0,∞) → Û for Û = Bd(0; 1)∩ Im(G(x0)).
It can also be verified from (H1) and (H2) that a ∈ Im(G(x0))
[2]. For any x0 ∈ Int(B), we denote by ϕ̂û(·, x0) : [0,∞) →
Rd the controlled flow map (solution) under û, by Φ̂(x0; Û)
the set of solutions. We also use ϕ̂û(·) to denote the solution
when the initial condition is not emphasized. Let T ≥ 0, the
reachable set at time T and up to T (i.e., the GRS up to T )
are denoted by R̂T (x0) and R̂≤T (x0), respectively.

Then, for all T ≥ 0 and all x0 ∈ B, R̂≤T (x0) ⊆ R≤T (x0).
Eq. (3) demonstrates the ‘slowest’ growing rate for all
(f,G) ∈ Dcon. For simplicity, we assume x0 = 0. Otherwise,
we consider the equivalent system ˙̃x = f̃(x̃)+G̃(x̃)u obtained
via the coordinate shift x̃ = x−x0 , where f̃(x̃) = f(x̃+x0),
G̃(x̃) = G(x̃ + x0), and x̃0 = 0. The parameters of the
corresponding proxy dynamics remain unchanged after the
shift, while the initial condition becomes 0.

B. Reachable Path of the Proxy System

In view of Theorem 3.1, for any path generated by (3), there
always exists a control signal u for (1) that ensures the system
to follow the same path. This motivates us to identify a valid
reachable path generated by system (3), which can approach a
small neighborhood of a target point on the boundary of GRS.
To do this, we investigate the proxy system in this subsection
beyond the properties stated in [2], specifically for the purpose
of control synthesis. The proofs can be found in Appendix A.

Proposition 3.2: We assume that there exists a Ω ⊆ B such
that |a| < b − c · supx∈Ω |x|. Consider system (3) on Ω. Let
T be such that R̂≤T (x0) ⊆ Ω. Then, for any y ∈ ∂R̂≤T (x0)
and t ∈ [0, T ), ̸ ∃ϕ̂û(·) ∈ Φ̂(x0; Û) such that ϕ̂û(t) = y. ⋄

The above property states that R̂≤T (x0) expands monoton-
ically as T increases for relatively small |a|1. We therefore
intend to work with ∂R̂T (x0) rather than ∂R̂≤T (x0). In
terms of computing ∂R̂T (x0), although existing methods offer
guaranteed precision [27]–[29], they require long computation

1For values of a that violate the condition in Proposition 3.2, points on
∂R̂≤T (x0) may be reached at some t < T due to strong drift. Additionally,
the predicted GRS significantly deviates from the true reachable set even over
short time horizons, as demonstrated in [2, Section V.A]. Therefore, formulat-
ing the same reachability control task based on the GRS, as considered in the
remainder of this article, becomes less practical. Nevertheless, we provide a
reachability analysis in Appendix D of the arXiv preprint (2403.03413 (2024)).
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times and are unsuitable for online learning and control synthe-
sis. We thus introduce ∂R̂T

pse(x0) := {ϕ̂û(T ) : û ≡ ν, ν ∈ ∂Û}
and adopt a Monte Carlo method for its computation.

Proposition 3.3: Given a T such that R̂≤T (x0) ⊆ Int(B).
Then, for a = 0, ∂R̂T

pse(x0) = ∂R̂T (x0). Consequently, for
any y ∈ ∂R̂T (x0), it can be reached under û ≡ y

|y| . ⋄
When a ̸= 0, ∂R̂T

pse(x0) is generally not equal to ∂R̂T (x0)
2.

However, we have the following approximation.
Proposition 3.4: Consider ˙̄x(t) = (b− c|x̄(t)|)û(t) and its

solution ϕ̄û(t). Then, it follows that ϑa(t) := |ϕ̂û(t)−ϕ̄û(t)−
at| ≤ ect−(1+ct)

c |a|. ⋄
Now, we denote R̄T (x0) as the reachable set for the driftless

ϕ̄·(·) at T . As a direct consequence of Proposition 3.2-3.4, for
any y ∈ ∂R̂T (x0), there exists a control û such that ϕ̂û(T ) =
y, and hence y ∈ {x ∈ Rn : |x|∂R̄T (x0)+aT ≤ ϑa(T )}. By
the same logic, for any y ∈ ∂R̄T (x0) + aT , we have y ∈
{x ∈ Rn : |x|∂R̂T (x0)

≤ ϑa(T )}. Therefore, in the Hausdorff
distance, dH(∂R̄T (x0)+aT −∂R̂T (x0)) ≤ ϑa(T ). Similarly,
one can apply Proposition 3.3 and show that dH(∂R̄T (x0) +
aT − ∂R̂T

pse(x0)) ≤ ϑa(T ). Note that, for sufficiently small
T , ϑa(T ) is approximately bounded by |a| · (T 2/2 +O(T 3)).

Now, let ρ := supx∈R̂T
pse(x0)

|x| and ∆a := |a|
b−cρ . For

the remainder of the paper, we focus on the scenario where
∂R̂T

pse(x0) ⊆ B and ∆a < 1, in accordance with Proposition
3.2. Note that for any y ∈ ∂R̂T

pse(x0) ⊆ int(B), as ver-
ified by the definition of ∂R̂T

pse(x0), one can leverage the
above approximation results using the driftless proxy system
(which enable simpler computation) and apply û ≡ y−aT

|y−aT |
in the proxy system to reach a θa(T )-neighborhood of y.
Specifically, we can verify that the controlled trajectory ϕ̂û(·)
deviates from the straight-line segment toward y by no more
than cT2

2

√
|a|2 − ⟨a, y⟩2/|y|2 + O(T 3), provided that T is

sufficiently small relative to |a|. One can then directly use
the straight-line segment toward y as the reference path for
control synthesis in the next section, enabling simpler analysis
and computation.

IV. CONTROL SYNTHESIS

In this section, our objective is to synthesize a controller
that leads the trajectory to eventually reach a neighborhood
of a specified ∂R̂T

pse(x0) for some T > 0. We take advantage
of the properties of (3) as stated in Section III and search for
control inputs for the system (1) such that ϕu(t) follows the
reference path toward y with the same velocity as ϕ̂û(t).

In practice, however, it is impossible to accurately learn
the transition of (1) based on a single system run, and hence
achieving an exact path-following strategy is unattainable.
Considering this situation, to leverage the connection between
systems (1) and (3) and fully utilize the known information,
we must necessarily relax the reachable time T > 0; that is, we
consider finite-time reachability rather than reachability at the
exact time T . We create a ‘correct-by-construction’ reference
path from (3), based on up-to-date trajectory information.

2We kindly refer readers to Appendix C and Proposition C.1 of the arXiv
preprint (2403.03413 (2024)) of this paper for counterexample, which indicate
that the control signal that maneuvers ϕ̂û to the boundary of the GRS always
has full magnitude, but its direction may vary over time.

Furthermore, due to the limited information and potential
nonlinearity of f and G, long-term predictability of the
trajectory is not achievable. The controllers must provide
infinitesimal direction to constantly track the reference path,
which will in turn force the controlled ϕu(t) to be maintained
within a small neighborhood of the reference path. To better
illustrate the idea, we focus on the case where a = 0.

A. Preliminaries for System Learning

In order to learn f(x) +G(x)u at points along any single-
run trajectory, we consider a piece-wise constant control u,
where each piece has a duration of δt. To be more specific, the
controller can apply any m+ 1 affinely independent constant
inputs for a short period of time δt [22]. Thus, the entire learn-
control cycle is of length τ = (m+ 1)δt.

Let τn := nτ for n ∈ N, and let {τn}n be the sequence of
instants at which to decide velocity. Consider the index sets
I := {0, 1, · · · ,m} and I0 := {1, 2, · · · ,m}. We then denote
{un,j}j∈I by the affinely independent sequence of constant
inputs, where un,j is applied within [τn+ jδt, τn+(j+1)δt)
for each j ∈ I. In this case, each un,0 is determined at τn by a
strategy aimed at returning a nearly optimal direction attracted
to the reference path. Meanwhile, {un,j}j∈I0

are subsequent
inputs that are selected according to a fixed procedure.

We propose the following inductive procedures to achieve
the control task, with a detailed explanation of their feasibility.
The proofs can be found in Appendix B.

B. Learning of System Dynamics

Suppose that un,0 has been determined at τn for each n.
We then proceed to learn the system dynamics, denoted as
vx(u) := f(x) + G(x)u, at τn+1 for each n. We follow the
learning algorithm in the reference [22, Section V], which is
based on the trajectory information within each learn-control
cycle, spanning the interval [τn, τn+1). This is achieved by
leveraging the control affine form of system (1), and by
employing an affinely independent sequence of constant inputs

un,j := un,0 +∆uj (4)

within [τn+jδt, τn+(j+1)δt] for each j ∈ I0. Here, ∆uj :=
±ϵej , for ϵ > 0 representing a small amplitude, and {ej}j∈I0

being the set of orthornormal unit vectors in Rm.
Denote M0 := max

{
supx∈B |f(x)|, supx∈B |G(x)|

}
, C0 :=

M0(m + 1), C1 := M0(m + 1)2, C2 := 2M0L0(m + 1)2, and
C3 := M0L0(m+1)3. Let xn,j = ϕu(τn+jδt, x0) and xn+1 :=
xn,m+1. Then, it is clear that xn+1 = xn+1,0. We have the
following approximation precision [22, Lemma 4]:

(1) |ϕu(t1, x0) − ϕu(t2, x0)| ≤ C0|t2 − t1|, ∀t1, t2 ∈
[τn, τn+1]. In particular, |xn+1 − xn| ≤ C1 · δt;

(2) | (xn,j+1−xn,j)
δt − vxn,j+1

(un,j)| ≤ (C2/4) · δt, ∀j ∈ I.
(3) |vxn,j+1

(un,j)− vxn+1
(un,j)| ≤ C3 · δt, ∀j ∈ I.

By introducing the following class of parameterized control
inputs, we can approximate the system dynamics using only
the information from the trajectory data and the parameters.

Definition 4.1: Let Λ := {λ = {λj}j∈I ⊆ R≥0 :
∑

j∈I λj =

1}. A parameterized control input w.r.t. λ ∈ Λ is of the form
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un(λ) :=
∑

j∈I λjun,j . We define the set of parameterized
control inputs as Un,λ := {un(λ) ∈ U : λ ∈ Λ}. ⋄

Note that, by [22, Theorem 5], we have the following
bound

∣∣∣vxn+1(uλ)−
∑

j∈I λj(xn,j+1 − xn,j)/δt
∣∣∣ ≤ Eλ(δt, ϵ)

for un(λ) ∈ Un,λ and Eλ(δt, ϵ) = 2((4m
3
2 +ϵ)/ϵ)·C3 ·δt. This

bound, which depends on two parameters, indicates the neces-
sity of considering their joint effect to converge to 0, rather
than adjusting each parameter individually. We then use the
approximation ṽxn+1

(un(λ)) :=
∑

j∈I λj(xn,j+1 − xn,j)/δt
of vxn+1

(un(λ)) for the decision-making at τn+1.

C. Control Design at τn
1) Initial Control Input: For n = 0, the control input u0,0 is

considered to initialize the system (1), such that the direction
of unknown system within [0, δt] is expected to closely follow
that of the proxy system (3). As f(x0) and G(x0) are known,
we use the following argument to determine u0,0. Since
δt > 0 is arbitrarily small, we have ϕu(δt) = δt · (f(x0) +
G(x0)u0,0)+O(δt) = δt·(G(x0)u0,0)+O(δt2), where O(δt2)
is a high order term w.r.t. δt. On the other hand, in view of
Proposition 3.3, the control û leading to the optimal direction
for the proxy system (3) is the constant signal û ≡ y

|y| .

Therefore, ϕ̂û(δt) =
y
|y| ·

∫ δt

0
(b−c|ϕ̂û(s)|) ds = (1−ϵ) b·y·δt|y| +

ϵ b·y·δt|y| +O(δt2), recalling b := ∥G(x0)
†∥−1 and c := Lf+LG.

The parameter ϵ > 0, representing a small amplitude used in
Equation (4), is reserved for future attempts to employ multiple
small-wiggling, independent inputs {∆uj} for learning the
dynamics, as discussed in Section IV-B. By equating the first-
order terms, δt · (G(x0)u0,0) = (1− ϵ)b · y · δt/|y|, we can set
the initial constant control u0,0 = (1 − ϵ) G(x0)

†(y)
∥G(x0)†∥|y| for the

system (1). Recalling (4), the term 1− ϵ is used to ensure that
the sequence {u0,j} is a subset of U .

2) Control Design at Other τn: Recall notations in IV-B.
We aim to create a sequence {zn}, such that zn = θny and
{θn} is an increasing sequence of real numbers within [0, 1]
converging to 1. Then, within each learning cycle, we design
control inputs to ensure that ϕu(t) approaches each zn. In
order to dynamically measure the distance of ϕu(t) with the
reference path, we now introduce the function dz(x) = |x−z|2
for z = θy and θ ∈ [0, 1].

To guarantee feasibility, we need to demonstrate that the
sequence {zn}, which satisfies the previously mentioned prop-
erty, can be constructed based on the trajectory data. Further-
more, for any t ∈ (τn, τn+1], there should exist {un,0} (along
with {un,j} introduced in Section IV-B) that also satisfies

ḋzn(ϕu(t)) = ⟨∇dzn(ϕu(t)), vϕu(t)(u(t))⟩ < 0. (5)

We first argue inductively to show that the above properties
can be satisfied. We also refer to Figure 1 for a visualization.

Lemma 4.2: Let n ≥ 1 and r > 0 be fixed. Let u(t) = un,j

for t ∈ [τn+jδt, τn+(j+1)δt) and for j ∈ I. Let xn be given
and consider zn = θny with |zn−xn| = r for some θn ∈ (0, 1).
Suppose that ḋzn(ϕu(t)) < 0 for all t ∈ [τn, τn+1). Then,
there exists a zn+1 = θn+1y such that θn+1 > θn and |zn+1−
xn+1| = r. Particularly, r− |xn+1 − zn| ≤ |zn+1 − zn| < 2r.⋄

The subsequent technical statements follow the above prin-
ciple while accounting for data-driven estimation errors, and

Fig. 1. An illustration of Lemma 4.2. The point zn is given as the point on the
line segment between 0 and y with |zn− xn| = r. Suppose ḋzn (ϕu(t)) < 0
for all t ∈ [τn, τn+1), then |xn+1 − zn| < r, and zn+1 can be found on
the line segment with |zn+1 − xn+1| = r and moves closer to y.

the involved assumptions ensure that the resulting corrections
are sufficiently robust for (5) to remain valid.

We next show that there exists a determination strategy for
r, ϵ, and δt, such that the above construction of {zn} can be
initialized, and there exists {un,0} such that ḋzn(ϕu(t)) < 0
for all t ∈ [τn, τn+1). In selecting r to incorporate the learning
process described in Section IV-B, we consider the quantity
r := r(k, δt) = sup{û≡û∈∂Û} |ϕ̂û(kτ, x0)−x0|. The following
lemma provides a set of conditions on k, ϵ, and δt under
which the sequence zn can be initialized; these conditions
can always be satisfied through appropriate tuning, particularly
with sufficiently small ϵ and δt.

Lemma 4.3: Let u(t) = u0,j for t ∈ [jδt, (j + 1)δt) and
for j ∈ I. Consider z0 = x0 = 0. Suppose ϵ and δt satisfy
ϵ > (C3/C)δt. Recall ρ := sup{x∈R̂T

pse(x0)} |x|. If we also have
k > Cb/(b− cρ) and 2kbτ/(b− cρ) < T , then, there exists a
z1 = θ1y such that θ1 ∈ (0, 1) and |z1 − x1| = r := r(k, δt).⋄

The assumptions guarantee that the radius r (which grows
with k) covers the proxy displacement, and ensure that the time
horizon is sufficiently long to satisfy the geometric separation
condition. We now show the existence of un,0 such that (5)
holds for all n. The following statement verifies the existence
of the control input for (1) such that (5) is satisfied at τn.

Proposition 4.4: For each n ≥ 1, let xn be given
and zn be determined by Lemma 4.2 with r := r(k, δt).
Then, there exist a u ∈ U such that ⟨∇dzn(xn), f(xn) +
G(xn)u⟩ ≤ −2r(b − c|xn|). Particularly, we can determine u
as argminu∈U ⟨∇dzn(xn), f(xn) +G(xn)u⟩. ⋄

We then continue to show that, within each learning
cycle [τn, τn+1), by considering the subsequential small-
wiggling inputs {∆uj} as described in Section IV-B, we have
ḋzn(ϕu(t)) < 0 for all t ∈ [τn, τn+1) for small δt and ϵ.

Theorem 4.5: Recall notation b and c in (3). Define
Er(δt, ϵ) := C2δt + ϵM0 and En(δt, ϵ) := 2M0C1δt +
C1Er(δt, ϵ). Suppose that En(δt, ϵ) ≤ r(b− c|xn| − Er(δt, ϵ)).
Let u(τn) = u be the control input as in Proposition 4.4. Let
u(t) = un,j for all t ∈ [τn+ jδt, τn+(j+1)δt) and for each
j ∈ I. Then ḋzn(ϕu(t)) < 0 for all t ∈ [τn, τn+1). ⋄

Remark 4.6: For t ∈ [τn, τn+1), the deviation |ϕu(t)− xn|
should be small as presented in [22, Lemma 4]. Consequently,
the uncertain deviations |f(ϕu(t))− f(xn)| and |G(ϕu(t))−
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G(xn)| are small. The condition on the small terms En and
Er ensures that the attracting force −2r(b− c|xn|) at each τn
(as in Proposition 4.4) continues to dominate over the interval
(τn, τn+1), so that the flow remains attracted to zn even in the
presence of such uncertainty.

Recalling that r = r(k, δt) represents the maximal length of
ϕu(kτ, x0) under constant inputs for (3), to satisfy the stated
condition, one needs to consider the joint effect of k and δt.
Note that for δt sufficiently small, r ≈ kbτ . For small b and
k = 1, the main contributor 2M0C1δt ≤ r(b − c|xn|) in the
condition stated in Theorem 4.5 may not hold. However, this is
not a problem in view of the proof of Lemma 4.3. We consider
the joint effect of tuning r by increasing k and reducing δt,
ensuring that r increases but not to an arbitrarily large value,
so as to preserve reachability precision. ⋄

So far, we have demonstrated that the control input can
be determined at τn to satisfy the requirement in Lemma
4.2 by searching over U . However, the dynamic learning
procedure, as demonstrated in Section IV-B, only permits the
use of a subset of Un,λ and achieves an approximation of
the velocity. Therefore, we need to take the approximation
error into account. Recall Definition 4.1 and ṽxn+1

(un(λ)) in
Section IV-B. Define ˙̃

dzn(n, λ) := 2⟨xn − zn, ṽxn+1(un(λ))⟩.
We then look at the following slight modification of [22,
Theorem 9].

Theorem 4.7: For a fixed n ≥ 1, we have∣∣∣∣min
λ∈Λ

˙̃
dzn(n, λ)− min

u(τn)∈U
ḋzn(ϕu(τn))

∣∣∣∣ ≤ 2Eµ(δt, ϵ), where

Eµ(δt, ϵ) = (3Ld(C4/C3)Eλ(δt, ϵ) + LdC0δt)/2; Ld is the Lip-
schitz constant of dzn ; C4 = (M0 + 1)(Lmax + 1)(m+ 1)3. ⋄

Considering the sub-optimality using λ ∈ Λ and hence Un,λ,
we have the following guarantee. We omit the proof due to
the similarities to the proof of Theorem 4.5.

Corollary 4.8: Recall the error terms Cr and Cn in
Theorem 4.5. Suppose that En(δt, ϵ) + Eµ(δt, ϵ) ≤ r(b −
c|xn| − Er(δt, ϵ) + ϵM0). Let λ⋆ = argminλ∈Λ

˙̃
dzn(n, λ) and

u(τn) = un,0 := (1 − ϵ)
∑

j∈I λ⋆
jun−1,j be the controller at

τn. Then ḋzn(ϕu(t)) < 0 for all t ∈ [τn, τn+1). ⋄

D. Summary of Algorithm
Recall notation a, b and c in (3), as well as ρ and ∆a

in Section III-B. For a ̸= 0 but with a small norm relative
to b (or small ∆a) as illustrated by [2, Section V.C], the
GRS prediction maintains reasonable accuracy over a longer
time horizon. In this scenario, the control synthesis technique
and principle stated in Section IV-C remain the same but
require the following slightly modified sufficient conditions
for determining the parameters. (i) In selecting r = r(k, δt),
we follow Lemma 4.3 under the conditions

ϵ > (C3/C)δt;
2kbτ

b− cρ
< T ; k >

Cb

b− cρ
+∆a, (6)

which are the same as in the original case except for the last
one. (ii) To maintain ḋzn(ϕu(t)) < 0 for all t ∈ [τn, τn+1)
for each n ≥ 1, we follow Corollary 4.8 and choose the same
controller as stated therein, but under a modified condition

En(δt, ϵ) + Eµ(δt, ϵ) ≤ r(b− cρ− |a| − Er(δt, ϵ) + ϵM0). (7)

Heuristically, the perturbations over (τn, τn+1) arise from
estimating the dynamics (Er), the state (En), effect of myopic

control (ϵM0), and deviation due to suboptimal control (Eµ),
and balance the guaranteed minimal force −r(b−cρ−|a|) for
ḋzn at τn. The proofs follow exactly the same procedure as
the corresponding statements we modify from, and is therefore
omitted due to repetition. The condition suggests that the value
of a does not alter the direction of attraction. We summarize
the algorithm for in Algorithm 1.

Proposition 4.9: Following Algorithm 1, ϕu will eventually
reach Bd(y; 2r). ⋄

Algorithm 1 Control Synthesis

Require: d, m, x0,0 := x0, T , y ∈ ∂R̂T
pse(x0), and u0,0 =

(1− ϵ) G(x0)
†(y−x0)

∥G(x0)†∥|y−x0| .
Require: x0 = 0; and δt, ϵ, k based on the conditions in (6)

and (7), where r = sup{û≡û∈∂Û} |ϕu(k(m+ 1)δt, x0)|
1: n = 0.
2: repeat
3: τn = n(m+ 1)δt.
4: for j from 0 to m do
5: u(t) ≡ un,j for all t ∈ [τn + jδt, τn + (j + 1)δt)

based on Eq. (4);
6: xn,j+1 = ϕu(δt, xn,j).
7: end for
8: xn+1 = xn,m+1.
9: Determine zn+1 based on Lemma 4.2.

10: Let un+1,0 = (1 − ϵ)
∑

j∈I λ⋆
jun,j , where λ⋆ =

argminλ∈Λ⟨2(xn+1 − zn+1),
∑

j∈I λj(xn,j+1 − xn,j)⟩,∑
j∈I λj = 1 , and Λ are defined in Definition 4.1.

11: n := n+ 1.
12: until |zn − y| < r.

Note that (6) and (7) provide guidance for parameter tuning
to make Algorithm 1 work. All perturbation terms in (7)
depend only on δt, ϵ, and k, and are either linear in ϵ and
δt, or arise from Eλ [22, Theorem 5], which originates from
the conservative estimation in [22, Theorem 4]. Despite the
conservativeness, these terms can be made arbitrarily small
under the restrictions of (6), guaranteeing the theoretical
effectiveness of Algorithm 1 over a short time span for each
learning cycle. Further relaxation of [22, Theorems 4–5] is of
interest for future research to reduce the restrictiveness of pa-
rameter tuning and better accommodate practical applications.

V. CASE STUDY

We use a control system with decoupled quadrotor dynamics
to illustrate the proposed control synthesis algorithm, building
on the same example discussed in [2, Section V.C]. We
examine the scenario where a UAV collides with an obstacle,
leading to undesired velocity rotations [30], [31]. To support
more complex tasks, such as safe landing, it is essential to
determine a reachable set of pitch and roll velocities, denoted
as p and q respectively, whilst synthesizing control inputs
that lead to specified pitch and roll velocities without prior
knowledge of the system’s dynamics.

We focus on the situation where the inertia in the x- and
y-axes are identical, allowing the yaw rate to be directly
altered by increasing the corresponding torque action without
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Fig. 2. (l.h.s.) Controlled trajectories for Scenario A-D. The grey region
represents the GRS; the orange region indicates the true reachable set; the
controlled trajectories for A-D, respectively, are shown in black, blue, green,
and purple; the red trajectories represent the proxy controlled paths to four
randomly sampled points on the boundary of the GRS for the true system
aims to track. (r.h.s.) Selected partial control signals for Scenario B.

impacting p and q. To simplify the problem, we trivially reduce
the yaw state to be constant π/2.

To apply the proposed algorithm, we let the initial condi-
tions after collision be (p0, q0) = (15, 10) radians per second,
and then perform a coordinate transformation by introducing
x1 = p−15 and x2 = q−10. The recast system is as follows.

d

dt

[
x1(t)
x2(t)

]
=

[
π(Jy−Jz)

2Jx
(x2(t) + 10)

π(Jz−Jx)
2Jy

(x1(t) + 15)

]
+

[
1
Jx

τϕ
1
Jy

τθ

]
, (8)

with initial conditions x(0) := (x1(0), x2(0)) = (0, 0) and
torque inputs (u1, u2) := (τϕ, τθ) ∈ B2(0; 1) for the roll and
pitch. We also set Jx = 2MR2

5 + 2l2m, Jy = Jx, Jz =
2MR2

5 + 4l2m, where M = 1kg and R = 0.1m represent the
mass and radius of the central frame. The central frame is
connected to four point masses m = 0.1kg, each represent-
ing one of the four propellers, positioned at an equidistant
length of l = 0.5m from the central sphere. Consequently,
a ≈ (−8.73, 13.09)⊤, and b = ∥G(0)†∥−1 ≈ 111.11. We also
derive a conservative Lipschitz bounds to be Lf = LG = 1,
and therefore, L0 = 1, and B = B2(f(0); 111.11 − 2|x|) for
the domain where (3) is well defined.

Remark 5.1: Note that while the true system dynamics
are described in (8), they are unknown to the controller.
The controller only has access to the trajectory data and
the parameters required in Algorithm 1. Hence, the choice
of model does not affect the proposed control technique.
Without real data, we can only leverage numerical ODE
solvers based on the exact model (8) to generate trajec-
tory data. One can also randomly choose the aforemen-
tioned coefficients in (8); regardless, we only need an es-
timation of the parameters as mentioned in Section III-A
for GRS evaluation and subsequent control synthesis. We
also refer readers interested in additional video visualizations
to https://github.com/TahaShafa/reachable predictive control
and https://tahashafa.com/Research/. ⋄

In the simulation, we aim to reach a neighborhood of
any point on the boundary of the underestimated GRS for
T = 0.25. To succinctly represent and demonstrate the
effectiveness of the proposed algorithm, we test it across four
scenarios with different settings of the parameters (δt, ϵ, k)
and display the controlled paths in a single picture. Since the

theoretical result on the guaranteed accuracy does not distin-
guish between target points, we randomly sample points on
the boundary of the GRS. Detailed settings for (δt, ϵ, k) are A:
(0.0001, 0.005, 5); B: (0.0005, 0.01, 6); C: (0.0008, 0.08, 12);
D: (0.0015, 0.10, 40). The theoretical accuracy, indicated by r,
can be computed based on the chosen parameters and is equal
to 0.18, 1.11, 3.48, 18.83 for the four cases, respectively.

The controlled trajectories for A-D are presented as shown
in Figure 2. We choose to present only a zoomed-in view of
the control signal for Scenario B to demonstrate the piecewise
constant shape resulting from a short period of the learning cy-
cle. The accuracy across scenarios A-D decreases as predicted.
Specifically, Scenario A closely adheres to the trackable path,
while D significantly deviates from the intended trackable
path. As depicted in the r.h.s. picture of Figure 2, there are
three sub-intervals within each learning cycle n, corresponding
to un,j for j = 0, 1, 2.

VI. CONCLUSION

In this paper, we investigate the control properties of an
underapproximated control system, whose reachable set rep-
resents a guaranteed reachable set of the true but unknown
system. Then, we utilize the connection between this proxy
system and the true system to synthesize controllers that
guide the trajectory to reach a neighborhood of a specified
point within the guaranteed reachable set. The essence of the
proposed method is to automatically generate a sequence of
points {zn}, converging to the required reachable point y, for
the true trajectory to follow. This approach allows the use
of historical data within a learning cycle to determine the
trajectory’s direction for the subsequent learning cycle.

We also explore the sufficient conditions for the controlled
trajectory to approach each zn within every learning cycle,
ensuring it will eventually reach a small neighborhood of the
specified point y. It would be of significant engineering interest
to improve the error estimation and tune the parameters, as
outlined in Algorithm 1, to automate the learning and control
of an unknown system based on a single trajectory run.

For future work, building on the connections between [2]
and the recent work [26] on extending GRS evaluation to
Riemannian manifolds, the proposed method in this study
provides a foundation for controlling unknown systems under
more relaxed assumptions, with applications to underactuated
systems. Additionally, exploring how to control an unknown
system to reach a region beyond the current short-time-
frame estimation of the GRS is crucial. This may involve
online waypoint generation and adaptive control guided by
iterative application of our current methods. As data accumu-
lates through this process, recent advances in Koopman-based
system identification [14], [15] can be leveraged for more
precise dynamics learning. Robust control methods can then be
employed to address the remaining control tasks with better
performance, ultimately achieving resilience and guaranteed
task completion for unknown nonlinear control systems.
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APPENDIX A
PROOFS IN SECTION III

Proof of Proposition 3.2: We assume the contrary,
as specified in the statement, then, there exists a û and
a t ∈ [0, T ) such that ϕ̂û(t) = y ∈ ∂R̂≤T (x0). Then,
ϕ̂û(T ) = y + a(T − t) +

∫ T

t
(b − c|ϕ̂û(s)|)û(s) ds. Since

Û is compact, convex, and centered at 0, for any s ∈ [t, T ),
we can find û(s) = k(s)(y−x0)−a

b−c|ϕ̂û(s)|
, where k(s) is some

positive number, such that, by assumption, we have û(s) ∈ Û
for all s ∈ [t, T ) [2, Section II and III]. Therefore,
ϕ̂û(T ) = y + a(T − t) + (y − x0)

∫ T

t
k(s)ds −

∫ T

t
ads =

y + (y − x0)
∫ T

t
k(s)ds. Let λ := 1 +

∫ τ

t
k(s) > 1, then

ϕ̂û(T ) = λy + (1 − λ)x0. Since y ∈ ∂R̂≤T (x0) and
x0 ∈ Int(R̂≤T (x0)), the point ϕ̂û(T ) is located on the line
extending from x0 through y, and continues beyond y, in
the direction from x0 to y. Due to the convexity property
of R̂≤T (x0) as stated in [2, Section III], and the above
construction of the signal used to extend the trajectory
outward from x0 to y, we have that ϕ̂û(t) /∈ R̂≤T (x0), which
violates the assumption. We hence prove the statement.

Proof of Proposition 3.3: Consider any y ∈ ∂R̂T (x0) and
ν = y

|y| ∈ ∂Û . For any û, define ρ(t) = ⟨ϕ̂û(t), ν⟩. Then,
ρ̇(t) = (b − c|ϕ̂û(t)|)⟨û(t), ν⟩. Since ρ(t) ≤ |ϕ̂û(t)| and
⟨û(t), ν⟩ ≤ |û(t)||ν| = 1, we have ρ̇(t) ≤ b − cρ(t). On the
other hand, let û∗ ≡ ν. Then, ϕ̂û∗(t) = ν

∫ t

0
(b− c|ϕ̂û∗(s)|)ds

is in the same direction as ν. Consider ρ∗(t) = ⟨ϕ̂û∗(t), ν⟩,
then ρ̇∗(t) = (b− c|ϕ̂û∗(t)|)⟨ν, ν⟩ = b− cρ∗(t). By the Com-
parison Principle [32, Lemma 3.4], we have ⟨ϕ̂û(T ), ν⟩ ≤
⟨ϕ̂û∗(T ), ν⟩, which indicates that ϕ̂û∗(T ) ∈ ∂R̂T (x0) accord-
ing to the supporting hyperplane theorem [33]. Additionally,
by [2, Corollary 3], ϕ̂û∗(T ) can only be y. The above indicates
that ∂R̂T (x0) ⊆ ∂R̂T

pse(x0). By the fact that R̂T (x0) is
convex and ∂R̂T

pse(x0) ⊆ R̂T (x0), we obtain ∂R̂T
pse(x0) ⊆

∂R̂T (x0) [34], which proves the first part of the conclusion.
The second part follows immediately.
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Proof of Proposition 3.4: Let η(t) = ϕ̂û(t)−at, then η solves
η̇(t) = (b− c|η(t)+at|)û(t). We have ϑa(t) := η(t)− ϕ̄û(t).
Then, ϑ̇a(t) = (b−c|η(t)+at|)û(t)− (b−c|η(t)|)û(t)+(b−
c|η(t)|)û(t)−(b−c|ϕ̄û(t)|)û(t). Consequently, for ϑa(t) ̸= 0,

d

dt
|ϑa(t)| =ϑa(t) · ϑ̇a(t)/|ϑa(t)| ≤ |ϑ̇a(t)|

≤c||η(t) + at| − |η(t)||+ c||η(t)| − |ϕ̄û(t)||
≤c|a|t+ c|ϑa(t)|,

and d(e−ct|ϑa(t)|)/dt ≤ −ce−ct|ϑa(t)| + c|a|te−ct +

ce−ct|ϑa(t)| ≤ c|a|te−ct. Then, e−ct|ϑa(t)| ≤ c|a|
∫ t

0
se−csds,

and the conclusion follows.

APPENDIX B
PROOFS IN SECTION IV

Proof of Lemma 4.2: Note that xn+1 = ϕu(τn+1). Given
the assumptions that ḋzn(ϕu(t)) < 0 for all t ∈ [τn, τn+1),
it is clear that |xn+1 − zn| < r. To determine zn+1, one
needs to solve the equation |zn+1 − xn+1|2 = r2 with
zn+1 = θn+1y. Since |xn+1 − zn| < r, it can be guaranteed
that there exists at least one solution such that θn+1 > θn.
Thus, the first part of the statement holds. It is also clear that
r− |xn+1 − zn| ≤ |zn+1 − zn| ≤ r+ |xn+1 − zn| < 2r, which
completes the proof.

Proof of Lemma 4.3: Recall the notation τ := (m + 1)δt.
For δt > 0 arbitrarily small, we have

ϕu(τ, x0) =
∑
j∈I

∫ (j+1)δt

jδt

(f(x0) +G(x0)u0,j)ds+O(δt2)

= δt · (
∑
j∈I

G(x0)u0,j) +O(δt2)

= τ · (G(x0)u0,0) +
∑
j∈I0

δt · ϵG(x0)ej +O(δt2),

(9)

where |O(δt2)| ≤
∫ τ

0
|f(ϕu(t)) − f(x0)| + ∥G(ϕu(t)) −

G(x0)∥dt ≤
∫ τ

0
2L0C0tdt = L0M0(m + 1)3δt2 = C3 · δt2

[22, Lemma 4]. In addition, by the construction of u0,0, we
have τ · (G(x0)u0,0) = τ(1 − ϵ)G(x0)G(x0)

† by
|y| . Define

r := kτ(b− cρ). We then have

|ϕu(τ, x0)| ≤|τ(1− ϵ)
Cby

|y| |+ |
∑
j∈I0

δt · ϵG(x0)ej |+ |O(δt2)|

≤Cτ(1− ϵ)b+m · δt · ϵ · ∥G(x0)∥+ |O(δt2)|
=Cτ(1− ϵ)b+ Cτ · ϵb− Cϵδt+ |O(δt2)|
≤r + (Cbτ − r)− Cϵδt+ C3δt

2

<r + (Cbτ − r),
(10)

where, in the last inequality, r ≥ |ϕ̂û(kτ, x0)| =∫ kτ

0
(b− c|ϕ̂û(t, x0)|)dt > r holds under all û = û ∈ ∂Û , and

−Cϵδt+ C3δt
2 is canceled due to the additional assumption

on its sign given in the statement. Note that for k such that
k > Cb/(b − cρ), it follows from (10) that |ϕu(τ, x0)| < r.
Additionally, for sufficiently small δt and T > 2kbτ

b−cρ , we

have 2r < 2
∫ kτ

0
(b − 0)dt < (b − cρ)T < |y|. By solving

(z1 − ϕu(τ))
2 = r2 with z1 = θ1y and θ1 ∈ (0, 1), the claim

in the statement follows immediately as |ϕu(τ)− z0| < r for
z0 = 0 and |z1 − z0| < 2r < |y|.

Proof of Proposition 4.4: Note that, inspired by Propo-
sitions 3.3 and 3.4, for each n ≥ 1, one can use
the control û(t) = zn−xn

|zn−xn| to drive ϕ̂û(t, xn) toward
a neighborhood of zn. We also have the instantaneous
Lie derivative along the path of ϕ̂û(t, xn) at t = 0 as
ḋzn(ϕ̂û(0, xn)) = ⟨∇dzn(ϕ̂û(0, xn)), (b− c|ϕ̂û(0, xn)|)û(0)⟩
= ⟨2(xn − zn), (b− c|xn|)û(0)⟩ = −2r(b− c|xn|).

Recall ϕu(τn, x0) = xn. By Theorem 3.1, there exists
a ũ such that f(xn) + G(xn)ũ = (b − c|xn|)û(0). Then,
⟨∇dzn(xn), f(xn) + G(xn)ũ⟩ = −2r(b − c|xn|). Therefore,
minu∈U ⟨∇dzn(xn), f(xn) + G(xn)u⟩ ≤ −2r(b − c|xn|).
The optimal input argminu∈U ⟨∇dzn(xn), f(xn) + G(xn)u⟩
satisfies the property in the statement.

Proof of Theorem 4.5: Let n be fixed. For simplicity, we
use the shorthand notation x(t) := ϕu(t, x0) for any t ∈
[τn, τn+1). Let v(x(t)) := f(x(t)) + G(x(t))u(t), v(xn) :=
f(xn) + G(xn)u(τn), Then, |v(x(t)) − v(xn)| ≤ |f(x(t)) −
f(xn)| + |G(x(t))u(τn) − G(xn)u(τn) + G(x(t))(u(t) −
u(τn))| ≤ 2L0C0(t− τn) + ϵM0, and

⟨(x(t)− zn), v(x(t))⟩
=⟨xn − zn, v(xn)⟩+ ⟨x(t)− xn, v(xn)⟩

+ ⟨x(t)− xn, v(x(t))− v(xn)⟩+ ⟨xn − zn, v(x(t))− v(xn)⟩
≤ − r(b− c|xn|) + 2M0|x(t)− xn|

+ |x(t)− xn||v(x(t)− v(xn)|+ r|v(x(t)− v(xn)|
≤ − r(b− c|xn|) + 2M0C0(t− τn)

+ (C0(t− τn) + r) · (2L0C0(t− τn) + ϵM0)

<− r(b− c|xn|) + 2M0C1δt+ (C1δt+ r) · (C2δt+ ϵM0)

=− r(b− c|xn|) + r · Er(δt, ϵ) + En(δt, ϵ)
(11)

The conclusion follows by the assumption.

Proof of Proposition 4.9: Recall (7) and let Γ = En(δt, ϵ) +
Eµ(δt, ϵ)−r(b−c|xn|−|a|−Er(δt, ϵ)+ϵM0). Consider ∆1 :=
(2M0C0 + 2rL0C0 + ϵM0) and ∆2(t) := 2rL0C0. Then,
for each n and for t ∈ [τn, τn+1), by a similar argument in
Theorem 4.5, we have 1

2 ḋzn(ϕu(t)) ≤ Γ−∆1 · (τn+1 − t)−
∆2 · (τ2 − (t − τn)

2) < Γ ≤ 0. Therefore, dzn(ϕu(τn+1)) −
dzn(ϕu(τn)) ≤ 2

∫ τn+1

τn
[Γ − ∆1 · (τn+1 − t) − ∆2 · (τ2 −

(t− τn)
2)]dt = 2Γτ −∆1τ

2 − 2
3∆2τ

3. Since Γ ≤ 0, we have
dzn(ϕu(τn+1))−dzn(ϕu(τn)) = |xn+1−zn|2−r2 ≤ −∆1τ

2−
4
3∆2τ

3, implying that r − |xn+1 − zn| has a uniform lower
bound. By the construction of {zn} in Lemma 4.2, particularly
the guarantee of incremental and uniformly minimal distance
for |zn+1 − zn| for each n, there exists a finite N such that
N = inf

{
n ∈ N : zn ∈ Bd(y; r)

}
.

By the attractivity of the controlled path to each zn (i.e.,
ḋzn(ϕu(t)) < 0 for all t ∈ [τn, τn+1)) under the modified
conditions in (6) and (7), there exists a finite time T̃ ≤ τN+1

such that |ϕu(T̃ , x0)− zN | < r. The conclusion then follows
by the triangle inequality.


